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Abstract
The scalar and vector topological Yang–Mills symmetries determine a closed
and consistent sector of Yang–Mills supersymmetry. We provide a geometrical
construction of these symmetries, based on a horizontality condition on reducible
manifolds. This yields globally well-defined scalar and vector topological BRST
operators. These operators generate a subalgebra of maximally supersymmetric
Yang–Mills theory, which is small enough to be closed off-shell with a finite set
of auxiliary fields and large enough to determine the Yang–Mills supersymmetric
theory. Poincare´ supersymmetry is reached in the limit of flat manifolds. The arbi-
trariness of the gauge functions in BRSTQFTs is thus removed by the requirement
of scalar and vector topological symmetry, which also determines the complete
supersymmetry transformations in a twisted way. Provided additional Killing vec-
tors exist on the manifold, an equivariant extension of our geometrical framework
is provided, and the resulting “equivariant topological field theory” corresponds to
the twist of super Yang–Mills theory on Ω backgrounds.
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1 Introduction
Topological Yang–Mills theories have been studied extensively in various dimensions some
years ago [1, 2, 3, 5]. They can be defined as a BRST invariant gauge-fixing of a topo-
logical invariant, and their topological observables are determined from the cohomology
of the topological BRST scalar symmetry, whose geometrical interpretation is well un-
derstood.
However, a yet unsolved mystery is their relation, by a twist operation, to Poincare´
supersymmetric theories, which describes particles. There is good evidence that this
relation also extends to the case of topological gravity versus supergravity [6]. In fact,
since topological symmetry has a clear geometrical interpretation, it has been proposed
to use it to define Poincare´ supersymmetry. Here we reach an understanding of the
so-called vectorial topological symmetry of TQFT’s, which further support this idea.
Vector symmetry was first observed as an invariance of the Chern–Simons action,
gauge–fixed in the Landau gauge [4]. Its existence can be heuristically guessed from the
possible conservation of the BRST antecedent of the energy momentum tensor. For a
topological action that is the twist of a supersymmetric theory, its expression is identical
to the symmetry that one obtains by twisting the spinorial generators of Poincare´ super-
symmetry, (as for the case of the scalar topological BRST operator). In fact, the twisted
formulation has been used to greatly improve the study of various non–renormalization
properties of N = 2 and 4 supersymmetric theories [9].
This paper focuses to the Yang–Mills case. We show that the vectorial topologi-
cal symmetry can be directly introduced, geometrically, prior to the construction of the
TQFT. Basically, the vector symmetry arises when one associates reparametrization sym-
metry and topological symmetry in a relevant way. It is important to work on manifolds
that contain at least one covariantly constant vector. Eventually, the superYang–Mills
theory, with Poincare´ supersymmetry, is reached by untwisting the theory, in the limit
of flat manifolds.
We also use the method for constructing “equivariant topological field theories”, whose
observables are related to the equivariant cohomology classes of the moduli space of
instantons. In fact, these topological theories can be seen as the twisted versions of the
Super Yang–Mills theories on the Ω background introduced in [22], that are deformed
version of ordinary supersymmetric theories.
The scalar and vector invariances of TQFT’s constitute a relevant subalgebra that
can be closed “off-shell”. Eventually, this subalgebra is sufficient to completely determine
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the full “on-shell” set of supersymmetry generators in the flat space limit. We actually
show that the invariance under scalar and vector symmetry, which we will geometrically
construct, is sufficient in order to fully determine the N = 2 supersymmetric action, in 8
and 4 dimensions, respectively. In the later case the supersymmetry with its 8 generators
is actually determined by the construction of 5 generators, which build a closed algebra,
and in the former case, 9 generators are sufficient to determine the supersymmetry with
its 16 generators. The rest of the generators, (they are self-dual tensor in the twisted
form), can be considered as an effective symmetry, that one gets for free as an additional
symmetry of the action. They complete the scalar and vector symmetry generators into
a set that can be untwisted toward Poincare´ supersymmetry. They have no geometrical
interpretation in our knowledge, and, moreover, the complete set of generators cannot
be closed off-shell for the case of maximal supersymmetry, with 16 generators.
Determining the TQFT, and afterward the supersymmetric theory, from a symmetry
principle that has a clear geometrical meaning, appears to us as a progress. Indeed, in
earlier works, after having the geometrical construction of the scalar topological BRST
symmetry, the determination of the action was tantamount to that of “topological gauge
functions”, including self–duality equations, but was not relying on a symmetry princi-
ple. Rather, one was looking for self–duality equations for the gauge fields, which one
can enforce in a BRST invariant way. The lack of a complete symmetry principle was
frustrating in this construction.
The way the geometrical construction for the scalar and vector BRST symmetries
works is through the construction of two nilpotent graded differential operators s and
δ that are nilpotent and anticommute up to a Lie derivative. These operators have a
transparent meaning in the fiber bundles where the Yang–Mills field and the classical
gravitational field are naturally defined. At each step of our construction, the necessary
requirement of global well definition can be checked.
There is eventually a duality symmetry between s and δ, which merely express a
symmetry between topological ghosts and antighosts. This gives a better understanding
of antighosts as geometric entities, instead as BRST antecedents of the Lagrange mul-
tipliers of gauge functions, as has been traditionally done, through the notion of trivial
BRST quartets.
In the generic case of 8 dimensions for maximal supersymmetry, the necessity of
having a manifold with a constant vector implies that its holonomy group be G2, or a
subgroup of G2.
The formula that we will obtain are very similar in four and eight dimensions. Our
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results can be extended in lower dimensions by using dimensional reduction. Besides G2-
manifolds, cases of interest are Calabi-Yau manifolds, provided they contain a covariantly
constant vector. Eventually, we express the topological actions as a sδ-exact (i.e, scalar
and vector BRST-exact) term, with a nice correspondence with the Chern–Simon action.
In fact our formula are reminiscent of previous one found in the general context case of
“balanced topological theories”, [13], with NT ≥ 2, but here we manage to consider
the case NT = 1, with a pair of “balanced operators” (s and δ), by using a covariantly
constant vector in the manifold. Then, it is quite natural to write supersymmetric actions
as a sδ-exact term, but the potential cannot be generally considered as a Morse function,
and it allows for ghosts and antighost that different tensor structures.
The paper is organized as follows. We first give heuristic evidence that the vector
symmetry is a consequence of the possible conservation of the BRST-antecedent of the
energy-momentum tensor of a TQFT - in fact it is equivalent. Then we give the important
result that there is a geometrical construction of the vector symmetry which is completely
independent of the idea of Poincare´ supersymmetry. (We include a section for ensuring
global consistency of the formula). We display the invariant action under various forms,
and briefly discuss the untwisting toward supersymmetry. In the last part of the paper,
we show the equivariant extension of our formulation and show the relationship with
twisted supersymmetry on the Ω-background.
2 Physical evidence for the existence of a vector
symmetry δ in a BRSTQFT
Let S be a BRSTQFT topological action. Its Lagrangian is reparametrization invariant.
In local coordinates, Lξ represents the action of diffeomorphisms on the fields, and we
can define local functionals LAµ(x − y) corresponding to each field ϕA of the theory as
follows:
LξϕA(x) = −
∫
M
dnyξµ(y)LAµ(y − x) (1)
We are aware that in order this operator be globally well-defined, we should add to the
Lie derivative Lξ gauge transformations that permit its covariantization. However, in
this section, we only consider operators that are basically defined modulo gauge trans-
formations, in such a way that this subtlety is not relevant. Global requirements will be
fulfilled when we will construct the vector symmetry, the existence of which we heuristi-
cally justify in this section. The reparametrization invariance of S implies the “off-shell”
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conservation law :
∇νTµν(x) = 1√
g
∑
A
∫
M
dny LAµ(x− y) δ
LS
δϕA(y)
(2)
where δL denotes the left–derivative, and Tµν is the energy momentum tensor
Tµν =
1
e
δab
δS
δeµb
eaν (3)
Up to a topological term, the action S is s-exact, S = s
∫
M
Ψ, where the topological
gauge function Ψ has ghost number −1 and s is a topological BRST operator, which is
a scalar under reparametrization. The s-exactness of the action implies that the energy
momentum tensor is also s-exact. Thus :
Tµν = sΛµν (4)
where Λµν is a local functional of the fields and has ghost number -1. The gauge function
Ψ is yet arbitrary. Our aim is of removing this indetermination by a symmetry principle.
The later should also be a canonical property that defines a regularized action in the
path integral.
We propose that this additional requirement is that the energy momentum tensor
admits a conserved BRST antecedent, modulo equations of motions, consistently with
Eq.(4):
∇νΛµν ≈ 0 (5)
As a matter of fact, this property (5) determines the theory in the Yang–Mills case,
by adjusting all coefficients in the possible topological gauge functions Ψ, in such a way
that one eventually gets the twisted Yang–Mills supersymmetric action.
Eventually, we will transform this property into a symmetry principle.
Since Λµν is a local functional of the fields, its conservation law must take the form
∇νΛµν(x) = 1√
g
∑
A
∫
M
dny VAµ(x− y) δ
LS
δϕA(y)
(6)
where VAµ(x − y) are local functionals with ghost number −1 of the fields ϕA. As in
the case of the energy momentum tensor, where LAµ determines the diffeomorphism
generators, we can define from the VAµ the following vector operator [7, 8] :
δϕA(x) = −
∫
M
dny κµ(y)VAµ(y − x) (7)
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Here κµ(y) is a globally well defined given vector field (which makes a distinction as
compared to the ghost ξµ(x) of the diffeomorphism symmetry). Note also that this
transformation is not an infinitesimal one, κ is a finite vector field. Asking for the
invariance of the action S under δ-transformations restricts the choice of κ. One has
indeed:
δS =−
∫
M
dnx
∑
A
∫
M
dny κµ(y)VAµ(y − x) δ
LS
δϕA(x)
=
∫
M
dnx
√
gΛµν∇νκµ
(8)
(In the last equality we performed an integration by parts, so the necessity of global
consistency must be remembered). From Eq. (8) we deduce that the δ-invariance of the
action only holds if κ is covariantly constant. We stress that, κ being a Killing vector is
sufficient, since Λµν is generally non symmetrical, see Sect.5 for more details.
The association between a global symmetry of the theory and the conservation of a
current is nothing but the Noether theorem. As a matter of fact, on any given specific
case, one can redefine Λµν by the addition of a term linear in the equations of motion, in
such way that its conservation law takes the simpler form
∇νΛ′µν(x) =
∑
A
VAµ(x)
δLS
δϕA(x)
(9)
Under this form, Λ′µν can be identified to the Noether current associated to the δ sym-
metry.
The statement that the conservation equation determines the complete form of the
operator δ is however a non trivial one. As we will see further down, in this heuris-
tic derivation, δ is determined modulo gauge transformations and terms linear in the
equations of motion.
The understanding of the vector symmetry requires the determination of its commu-
tation relations with the scalar BRST symmetry. We have :∫
dnyLµA(x− y) δS
δϕA(y)
=
√
g∇νTµν(x) = s
∫
dnyVµA(x− y) δS
δϕA(y)
=
∫
dny
(
sVµA(x− y) δS
δϕA(y)
− (−1)AVµA(x− y)s δS
δϕA(y)
)
=
∫
dny
(
sVµA(x− y) +
∫
dnzVµB(y − z)δsϕA(y)
δϕB(z)
)
δS
δϕA(y)
(10)
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where the sum over repeated indices is assumed, as well as the fact that the functionals
derivatives are taken to the left. To prove Eq. (10), one uses the following identity, which
is consequence of the s-invariance of S:
0=
∫
M
dnz
δ
ϕA(y)
(
sϕB(z)
δS
δϕB(z)
)
=
∫
M
dnz
(
δsϕB(z)
δϕA(y)
δS
δϕB(z)
+ (−1)(A+1)BsϕB(z) δ
ϕA(y)
δS
δϕB(z)
)
=
∫
M
dnz
δsϕB(z)
δϕA(y)
δS
δϕB(z)
+ (−1)As δS
δϕA(y)
(11)
In fact, Eq. (10) indicates that one has
{s, δ} ≈ Lκ (12)
on all fields ϕA, at least modulo gauge transformations and modulo terms proportional
to the equations of motion.
This point is not completely obvious. Eq. (12) would be exact if the Eq. (10) would
constrain the both functionals LµA(x − y) and sVµA(x − y) +
∫
dnzVµB(y − z) δsϕA(y)δϕB(z)
to be equal. The indetermination of this equation reverts to the determination of the
solution of the equation ∫
dnyRµA(x− y) δS
δϕA(y)
= 0 (13)
and the equation (12) is satisfied modulo the transformations which could be generated
by the functional RµA. One has actually an analogous situation for the determination of
the operator δ from the conservation low of Λµν .
We first observe the existence of the following solution of Eq. (13)
RµA(x− y) =
(
RµAB(x− y)− (−1)ABRµBA(x− y)
)
δS
δϕB(y)
(14)
for any local functional of the fields RµAB. Because of this solution the commutation
relation of s and δ could be true only modulo terms involving the equations of motion.
One has to check whether there are other solutions of the equation (13) that cannot be
written as a term linear in the equations of motion. We assume that all local functionals
which are zero when the equations of motion are satisfied are linear in the equations
of motion thereself via a local functional of the fields. With this assumption, if there
is another solution, we can differentiate the equation (13) with respect to ϕB(z), and
6
obtain (∫
dnyRµA(x− y) δ
2S
δϕA(y)δϕB(z)
)
∣∣∣ δSδϕA=0
= 0 (15)
when the equations of motion are satisfied. The functional δ
2S
δϕAδϕB
is only degenerated
in theories with constraints. The solution of the equation (15) is by definition a gauge
transformation. So the general solution of the equation (13) is a sum of terms linear in the
equations of motion, and of local functionals which correspond to gauge transformations
(or reparametrizations in gravity). Therefore δ and its commutator with s are determined
modulo gauge transformations and equations of motion from (6) and (10).
At this level of the discussion, one may feel frustrated by the lack of geometrical
understanding of the situation, and it appears that a direct construction of δ, which
satisfies Eq.(12) and has ghost number -1, is needed.
Therefore we now adopt the attitude that one must reverse the point of view, and
directly construct both differential operators s and δ, from geometrical principles. Then
the determination of the action from s and δ invariances will warranty the conservation
law of both the energy momentum tensor and of its s−antecedent Λµν 1. The determi-
nation of the superPoincare´ algebra will be a corollary, using twist arguments that are
allowed on the manifold that we will use.
The following sections are devoted to the geometrical construction of the symmetries
in the Yang–Mills case, for the generic dimensions 4 and 8. We will also construct ab-
initio the differential operators s and δ, with an interesting irruption of antighosts on
the scenery. In fact, their geometrically interpretation will arise form a duality relation
between the ghosts and the antighosts, as in balanced topological field theories.
The algebra will respect by construction the closure relation Eq.(12) that is suggested
by the above heuristic discussion. Eventually, we will compute the antecedent of the
energy momentum tensor, and verify that it generates the δ-symmetry.
1The question of anomalies of s and δ invariances is of course an interesting question
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3 The gravitational and Yang–Mills horizontality con-
dition for the scalar and vector topological symme-
tries
3.1 Topological symmetry and globality requirement
The Yang–Mills topological symmetry BRST operator stop is defined from the equation
(d+ stop)
(
A + c
)
+
(
A+ c
)2
= F +Ψ+ Φ (16)
Ref. [1] gives the interpretation of all fields in Eq.(16).
To extend this horizontality condition and eventually define the vector symmetry, we
found that we must make it compatible with reparametrization invariance, and, moreover,
antighost dependent. In fact, by finding the way of combining consistently topological
symmetry and reparametrization invariance, we will define scalar and vector topological
invariances and reparametrization symmetry, with transformation laws that are globally
well-defined. To obtain global consistency, we face the not so trivial question of expressing
the transformation laws of Yang–Mills connections under reparametrizations, in the base
space M , over which one compute the path integral. The appropriate language is well-
known: it is the fiber bundle formalism. It allows one to define connections and their
curvatures, and, eventually, combine Eq.(16) with reparametrization symmetry. We will
show that the symmetry transformations of the fields are most easily obtained when they
are lifted in the fiber bundle. Then we will give the prescription to perform the projection
on the base space, which defines the fields that one can insert in a path integral. Taking
equal to zero the background connection is basically the wish for the impatient reader.
The latter can identify the vector ghost that expresses the reparametrization ghost in the
base space with its lifted expression in the fiber bundle. (The background connections
for Lorentz and Yang–Mills invariances that we will shortly introduce,
◦
A and
◦
ω, define
the horizontal lift of the reparametrization ghost, from ξ to ξh. Taking
◦
A =
◦
ω = 0 is
often possible for field configurations that one encounters in quantum field theory, so one
can indeed often identify ξ and ξh)
Using the fiber bundle language is not an unjustified excess of mathematical rigor.
It allows the construction of an action that is a well-defined integral over the whole
manifold, by ensuring that the Lagrangian and the symmetry transformations involve
globally well defined objects.
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To define the reparametrization symmetry, one uses the notion of spin–connection,
with ω as a gauge field for the Lorentz symmetry. This allows us to define the expression
of combined Lorentz and reparametrization symmetry, as was done long time ago in
the case of determining and classifying gravitational anomalies [10][11][12]. We will
first consider the purely gravitational bundle, and then generalize it for including the
topological Yang–Mills symmetry.
Eq.(16) only involves the topological ghosts. In [1] the antighosts are considered as
a trivial BRST sector, which one introduces in order to do the topological gauge-fixing.
At the heart of the notion of a TQFT, there is however a mapping between the ghost
and antighost Hilbert spaces. The introduction of the topological vector symmetry will
unexpectedly permit a transparent geometrical interpretation of the antighosts, “dual”
to that of the ghosts, with some relationship to the idea of antiBRST symmetry.
3.1.1 Pure gravitational case
We will construct a gravitational “horizontality condition” for defining the reparametriza-
tion symmetry and the way Yang–Mills connections and their topological ghosts trans-
form under reparametrization. We will eventually reach an algebra that is globally well
defined.
To carry out this program, we define the gravitational horizontality condition on the
total gravitational principal bundle Π over the manifold Mn, (n is either 4 or 8), over
which we will define the path integral.
SO(n)→ Π
↓
M (17)
Then, we will introduce a relevant background Lorentz connection
◦
ω.
A given connexion on Π is equivalent to the selection of a decomposition of its tangent
space
TΠ ∼= TV ⊕ TH (18)
It is known that the so(n) valued p-forms onM are identified by the use of local trivializa-
tions to the equivariant forms in so(n)⊗ΛpTH∗. The gauge potential defined on open sets
of M is the local trivialization of the globally well defined connection in so(n)⊗TV ∗. In
order not add too much notations, we will use the same notations for the objects defined
on Π as for their local trivializations on M .
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The following covariant horizontality condition on Π defines a nilpotent and consistent
graded differential operator S, (which we donnot yet interpret), acting on the connection
ω and its ghost Ω
(d+ S)(ω + Ω)+ (ω + Ω)2 = exp(iξh)R (19)
ξh is the horizontal lift on TH0 of the reparametrization ghost vector field ξ defined on
TM . Eq. (19) is the generalization of that first found in [10] for M . It is aimed to deter-
mine transformations that contain local Lorentz transformations and reparametrization
transformations, in the BRST formalism. The ξh- dependence, instead of a genuine ξ-
dependence, involves the existence of a background connexion
◦
ω, which allows us to make
reparametrization explicitly compatible with (Lorentz) gauge transformations2. R = dωω
is the definition of the curvature in Π.
The contraction operator iξh acts on all relevant objects in Π, forms and connections.
An easy computation gives the following identity on Π :
exp(−iξh)(d+ S) exp(iξh) = d+ S − Lξh + i(Sξh− 1
2
{ξh,ξh}) (20)
where Lξh = [iξh, d].
The nilpotency of the graded operator (d+S) amounts to that in the rhs of Eq.(20).
This equation implies the introduction in M of a vector field ϕ = Sξ − 1
2
{ξ, ξ}, that we
may call a ghost of ghost of the reparametrization ghost ξ. We must have for consistency
the following transformation laws :
Sξ=ϕ+ 1
2
{ξ, ξ}
Sϕ=Lξϕ (21)
(Ref. [11] explains the algebraic details of this construction). Provided that the later
equation is satisfied, nothing forbids that ϕ 6= 0.
ϕ is a vector field on TM , with horizontal lift ϕh on TH0 whose possible existence is,
for the moment, just a logical possibility.
In ordinary gravity, in order to interpret S as the BRST operator of plain reparametriza-
tion invariance, ϕ must be fixed to zero. In this case, S just express the ordinary grav-
itational and Lorentz BRST symmetry. Formally, when ϕ 6= 0, Eq.(21) looks like the
Weyl extension of the Lie algebra of diffeomorphisms.
2We note TH0 the horizontal tangent space defined by the background connexion
◦
ω.
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Since
◦
ω is a background field, S ◦ω = 0 and the BRST operator must commute with
the horizontal lift that it defines, S(ξh) = (Sξ)h, that is
Sξh=ϕh + 1
2
{ξ, ξ}h
=ϕh +
1
2
{ξh, ξh}+
(
1
2
i 2ξh
◦
R
)v
(22)
where
(
1
2
i 2
ξh
◦
R
)v
≡ rv is the fundamental vertical vector associated to the so(n)-valued
element 1
2
i 2
ξh
◦
R. Eq.(22) can be read as a definition of the background curvature
◦
R ≡ d◦
ω
◦
ω.
We can thus rewrite Eq.(20) in Π under the following form :
exp(−iξh)(d+ S) exp(iξh) = d+ S − Lξh + irv + iϕh (23)
We redefine on Π, Ω˜ ≡ Ω− iξhω, which must be written on M as follows, by the use of
local trivialization
Ω˜ = Ω− iξ(ω − ◦ω) (24)
Indeed ω − ◦ω is a tensorial form, and truly corresponds to a horizontal form on Π; we
can thus finally rewrite the gravitational horizontality condition in Π as :
(d+ S − Lξh + irv + iϕh)
(
ω + Ω˜
)
+
(
ω + Ω˜
)2
= R (25)
Eq.(25) can be expanded in ghost number, and projected on M .
For ϕ = 0, the resulting pure gravitational transformation laws depends on
◦
ω, and are
as those that were computed in [12], by asking that the gravitational BRST equations
correspond to a Lie algebra.
We will actually generalize Eq.(25), when the relevant new ingredients will be intro-
duced to combine it with the Yang–Mills topological symmetry and obtain the topological
vector symmetry, with ϕ 6= 0. We will perform the projection at this moment. So, we
momentarily leave Eq.(25) as it, and spend a few lines to comment on the operators that
appear in it.
Since it is defined on Λ•TV ∗, the contraction operator (irv) acts non trivially only
on the connection. It generates a term 1
2
i 2
ξh
◦
R when one expands in ghost number the
horizontality condition.
Lξh is defined as, Lξh ≡ [iξh , d], where d is the exterior derivative on Λ•TΠ∗. It is
defined for any p-form w to be :
Lξhw ≡
(
d
dt
φ∗ξh, tw
)
|t=0
(26)
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where φ∗
ξh, t
is the pullback application of the flow φξh, t, defined by
d
dt
φξh, t(p)≡ ξh|φ
ξh, t
(p)
φξh, 0(p)≡ p (27)
The curve t ∈ [0, 1] → φξh, t(p) ∈ Π is the horizontal lift of t ∈ [0, 1] → φξ, t(πp) ∈ M
starting from p , where π is the projection from Π toM of the fiber bundle. As such, Lξh is
a parallel transport generator and since the parallel transports preserves the tensoriality
property of forms, Lξh does also. It follows that the projection of Lξh in M must be
locally expressed as:
Lξ + δLorentz(iξ ◦ω) (28)
In fact, the projection inM of iξh is iξ for a tensorial form, and iξ(ω− ◦ω) for a connection.
We will now address the possibility ϕ 6= 0 by coupling gravity to Yang–Mills topolog-
ical symmetry, so that S will have a more general interpretation, which will allow us to
define the vector topological symmetry.
3.1.2 Yang–Mills coupled to gravity
In order to couple the Yang–Mills symmetry with gravity and obtain a horizontality con-
dition for the topological Yang–Mills symmetry coupled to reparametrization symmetry,
we introduce another (Yang–Mills) principal bundle P :
G→ P
↓
M (29)
The additional horizontal Yang–Mills lift is defined by introducing a background connex-
ion
◦
A on P . One defines in P :
(d+ S)(A+ C)+ (A+ C)2 = exp(iξh)(F + Ψ + Φ) (30)
In an analogous way as in the previous section, we do a left-multiplication by the operator
exp(−iξh), and we obtain:
(d+ S − Lξh + ifv + iϕh)
(
A+ C˜)+ (A+ C˜)2 = F + Ψ + Φ (31)
where f v ≡
(
1
2
i 2
ξh
◦
F
)v
(
◦
F ≡ d ◦
A
◦
A) and C˜ ≡ C − iξhA.
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To absorb the reparametrization ghost dependence, it is convenient to define a new
operator Sˆ, from S [11]. For all fields, but the Faddeev-Popov ghosts Ω˜ and C˜, we define
Sˆ ≡ S − Lξ − δLorentz(iξ ◦ω)− δgauge(iξ
◦
A); (32)
and for Ω˜ and C˜, we define :
SˆΩ˜ ≡ SΩ˜−
◦
L ξΩ˜ +
1
2
i 2ξ
◦
R
SˆC˜ ≡ SC˜ −
◦
L ξC˜ + 1
2
i 2ξ
◦
F, (33)
where
◦
L ξ ≡ [iξ, d◦
ω+
◦
A
].
As a consequence of S2 = 0, one can check that :
Sˆ2 = −Lϕ − δLorentz(iϕ ◦ω)− δgauge(iϕ
◦
A) (34)
and
Sˆd+ dSˆ = 0. (35)
Using Sˆ or S is a matter of convenience, which depends on the problem at hand.
The “decoupled” (i.e, with no explicit ξ-dependence) horizontality conditions read on
Π and P :
(d+ Sˆ + iϕh)
(
ω + Ω˜
)
+
(
ω + Ω˜
)2
=R
(d+ Sˆ + iϕh)
(
A+ C˜)+ (A+ C˜)2=F + Ψ + Φ (36)
They look almost as standard equations in flat space, except for the appearance of
the operator iϕh .
To summarize, we started from horizontality equations that are well-defined in the
fiber bundle. By projection on the manifold M , we obtain graded equations that deter-
mine the operator S in local coordinates, with transformation laws that are by construc-
tion globally well-defined, and will be shortly displayed. The redefinition of S into Sˆ
gives simple expressions.
By expansion in ghost number, the later equations (36) determines the action of the
BRST operator Sˆ that is equivariant with respect to the reparametrization group. After
projection on M , they are:
SA− iξF + dAiξ
(
A−
◦
A
)
+ dAC˜=Ψ (37)
SC˜ −
◦
L ξC˜ + 1
2
[C˜, C˜] + iϕ
(
A−
◦
A
)
+
1
2
i 2ξ
◦
F =Φ (38)
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We have similar equations for the action of S on ω and Ωˆ. Using the relation between S
and Sˆ, the equations can be equivalently rewritten in the following way, which shows more
explicitly, term by term, that we have truly reached a globally well-defined definition of
the BRST operation Sˆ:
SˆA+ dAC˜=Ψ (39)
SˆC˜ + 1
2
[C˜, C˜] + iϕ
(
A−
◦
A
)
=Φ (40)
This later expression of the symmetry is particularly convenient, in particular for
computing the invariant Lagrangian.
3.1.3 Putting equal to zero the background connections
The formula are simplest when one sets to zero the background connections
◦
A = 0 and
◦
ω = 0, and make no distinction between the vector fields in the fiber bundle and in M
(which is generally an improper choice from a global point of view, but is sufficient in
perturbative quantum field theory around the trivial vacuum). This gives the transfor-
mation laws as in [11], which express the reparametrization and Yang–Mills symmetry.
As indicated at the time, they express the symmetry in two equivalent ways, which are
sufficient to control the symmetry of the TQFT :
SA + dAC=Ψ + iξF
SC + 1
2
[C, C] =Φ + iξΨ+ 1
2
i 2ξ F (41)
and
(S − Lξ)A + dAC˜ = Ψ
(S − Lξ)C˜ + 1
2
[C˜, C˜] + iϕA = Φ (42)
where C˜ = C − iξA. The expression of S in Eq.(41) is explicitly covariant, but tedious
to use. The expression of Sˆ ≡ (S − Lξ) in Eq.(42) is convenient, all dependence in ξ is
hidden, owing to the field redefinition C → C − iξA. Moreover, for an integral over the
manifold, S and Sˆ invariances are the same. This field redefinition looks not globally
well-defined, as iξA is ambiguous from a global point of view, but the above analysis has
taught us how to remedy this, it must be understood as C → C − iξ(A−
◦
A), and for the
rest one should keep in mind the dependence in the background connection
◦
A, indicated
in Eqs.(32,33).
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We actually have a consistent recipe: global consistency is obtained from the simplest
formulation with no background connection, provided one replaces all connections that
may appear in the form iϕω or iϕA by their difference with a background connection
iϕ
(
A−
◦
A
)
or iϕ
(
ω − ◦ω). This eventually defines a differential Sˆ, which encodes the
relevant information on the gauge symmetry and reparametrization. Sˆ-invariance defines
the theory.
The above presentation makes a bridge between the facts that the expression for the
BRST symmetry is simplest in the fibers bundle Π, P , defined over the manifoldM , while
it needs more elaborate formula onM , where quantum field theory is computed. It yields
unambiguously the dependence in the background connection that delivers well-defined
integrals over M .
3.2 Extended horizontality condition for the scalar and vector
topological symmetry
We now reach the important point of the paper, that, given a given covariantly constant
vector κ on M , we can geometrically build the topological vector BRST operator out
of a globally well-defined operator Sˆ. the vector symmetry will be shortly defined as a
differential graded operator δ with ghost number -1. We understood in section 2 that a
BRST-exact action can possibly define a vector symmetry that leaves it invariant. The
question is to find a geometrical way of building this vector symmetry.
Since we have in mind the determination of the vector symmetry from an “extended
horizontality condition”, we may wish to get a hint that it is possibly contained in the
geometrical formalism. We can see it from the following indirect argument, which heuris-
tically provides evidence that the ordinary horizontality condition of a NT = 1 TQFT
contains the germs of another symmetry than the usual topological BRST symmetry.
There are in fact topological theories with more than one scalar operator that can be
identified to a BRST operator. They are known as balanced topological theories [13].
They are often obtained by dimensional reduction of aNT = 1 TQFT. Such theories have
a symmetry between ghosts and anti-ghost which is SL(2,R) in the case of two charges,
NT = 2. Both BRST algebras can be described by a BRST-antiBRST horizontality con-
dition, which displays a symmetry between ghosts and anti-ghosts. For instance, NT = 2
occurs when one dimensionally reduces from 4 to 3 (or from 8 to 7) dimensions the gen-
uine d=8 (or d=4) NT = 1 topological Yang–Mills theory. In this case, the topological
ghost and antighost of the dimensionally reduced gauge field are symmetrical pair of
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anticommuting vectors that belong to the fundamental representation of SL(2,R), and
the scalar topological ghost of ghost, the corresponding antighost of antighost and the
Higgs field, which results from the dimensional reduction of the Yang–Mills field, fall
into the adjoint representation of SL(2,R). (Of course this phenomenon is related to the
property of the R-symmetry in supersymmetric theories). In these cases, dimensional
reduction allows us to obtain a BRST-antiBRST symmetry from a theory that seems to
have only one BRST symmetry.
Dimensional reduction occurs by giving a special role to a given dimension, and results
in the elimination of the non–zero modes along a one-dimensional space H .
By enforcing reparametrization invariance in the relevant way, we will find, that on
a reducible manifold M ∼= H × N where H ∼= R or S1, we can construct an extended
horizontality condition for NT = 1 topological theories. An important point is that the
invariant action will not depend on the constant vector κ that defines the one-dimensional
space H . This eventually defines the vector topological symmetry, which completes the
ordinary scalar BRST symmetry, and shows that theNT = 1 theories contain an enlarged
symmetry.
For the case of Ω backgrounds, we will need the existence of a Killing vector in
addition to that of a covariantly constant vector field on the manifold. Eventually, we
will obtain a twisted version of a deformed supersymmetry.
In what follows, we thus consider a manifold M that contains at least a constant
vector. This property reduces to the reducibility property for a simply connected manifold
[14]. (Reducibility only holds locally in the general case.)
3.2.1 Obtaining of the extended horizontality condition
We start from the formalism that introduces ghosts and antighosts of the Yang–Mills
TQFT in a fully symmetrical way. We will shortly break this symmetry.
The Lorentz invariant Yang–Mills BRST-antiBRST horizontality condition is
(d+ s+ s¯)
(
A+ c+ c¯
)
+
(
A+ c+ c¯
)2
= F +Ψ+ Ψ¯ + Φ + Φ¯ + L (43)
It must be completed with its Bianchi identity that determines the action of s and s¯ on
the topological ghosts that occur on the right hand side, and ensures (d + s + s¯)2 = 0.
For such equations one has a conserved grading made of the sum of the ghost num-
ber and the form degree on M . The total ghost number of A, c, c¯,Ψ, Ψ¯,Φ, L, Φ¯ are
respectively 0, 1,−1, 1,−1, 2, 0,−2, and their form degree 1, 0, 0, 1, 1, 0, 0, 0. A ghost
antighost bigrading exists, such that its values for A, c, c¯,Ψ, Ψ¯,Φ, L, Φ¯ are respectively
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(0, 0)(1, 0), (0, 1), (1, 0), (0, 1), (2, 0), (1, 1), (0, 2). The scalar BRST and antiBRST oper-
ators s and s¯ have bigradings (1, 0) and (0, 1), respectively. The net ghost number of a
field with ghost bigrading (g, g′) is simply g − g′.
The fields Ψ¯ and L do not show up in the NT = 1 theory, while the antiselfdual 2-form
antighost χ−12 and the scalar ghost η
−1 of this theory does not appear in Eq.(43). We
will fill this apparent contradiction and come to the point of directly determining both s
and δ symmetries.
We classically couple the topological theory to gravity, to express reparametrization
invariance in M , but use the freedom of introducing a vector ϕ 6= 0, as generally shown
in the last section. This will produces a symmetry operator Sˆ, which obviously contains
more information than the usual scalar operator s.
The existence of a covariantly constant vector field κ on the manifold basically permits
one to gauge-fix the component iκe
a to δa0 . This property allows one to bypass the usual
gravitational horizontality condition of the vielbeins, which imposes ϕ to be null in a fully
SO(n) invariant theory. Some deformations of the BRST transformation of ξ can in fact
be consistent with the closure of S on ω and Ω. The challenge is that the deformation
must be compatible with the Bianchi identity:
S2ω = iϕR S2Ω = iξiϕR (44)
Here, it is solved by some restriction of the geometry, such that the equation of motion
of the first order formalism T = 0, gives an SO(n − 1) holonomy curvature, leading to
iκR = 0. This is because the gauge fixing of the vielbeins imposes to the holonomy group
of the second order curvature to be included in SO(n− 1).
We are thus allowed to give to ϕ a non-zero value in the κ direction. To be definite,
we choose ϕ = −κ. The norm of κ is an irrelevant quantity. Therefore, all identities
must be homogeneous in κ. It is equivalent to either impose the conservation of the
bigrading (g, g′), or to impose the conservation of the net ghost number g− g′, assuming
that κ’s bigrading is (1, 1). We conjecture that this bigrading can be identified to the
ghost antighost bigrading, in such a way that g and g′ are both positive.
We identify Sˆ = s(1,0) + s(0,1), and C˜ = c(1,0) + c(0,1). The consistent horizontality
equation (36) can be written as follows:
(d+ s(1,0) + s(0,1) − iκh)
(
A + c(1,0) + c(0,1)
)
+
(
A+ c(1,0) + c(0,1)
)2
= F +Ψ(1,0) +Ψ(0,1) + Φ(2,0) + Φ(1,1) + Φ(0,2) (45)
We now break the symmetry between the ghost and antighost sectors, using the vector
field κ. Each field of (g, g′) graduation must be homogeneous of degree g′ in κ, and thus
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we define:
c(0,1) ≡ |κ|c¯ Ψ(0,1) ≡ g(κ)η + iκχ
Φ(0,2) ≡ |κ|2Φ¯ (46)
where we defined the following 1-form out of κ :
g(κ) ≡ gµνκµdxν . (47)
The 1-form g(κ) satisfies iκg(κ) = |κ|2, and will play an important role, together with
the property (iκ)
2 = 0. A non zero value of Φ(1,1) defines a consistent algebra; however
there is no corresponding invariant action. Therefore, we set Φ(1,1) = 0.
Of course, c and c¯ are identified as the Faddeev–Popov ghost and antighost, respec-
tively.
The redefinition Ψ(0,1) → (η, χ) is κ dependent in a non-trivial way. In fact, the
decomposition of Ψ(0,1) implies that the 2-form representation of the holonomy group
be reducible, in order that the pair η−1, χ−1µν has as many degrees of freedom as the
vector Ψ(0,1)µ . In 8 dimensions, we thus suppose that M has a holonomy group not
larger than Spin(7), so that χ be antiselfdual in the octonionic point of view in eight
dimensions, with seven independent components (or χ is antiselfdual in 4 dimensions,
with three independent components). Moreover, in order that κ be globally well defined
in 8 dimensions, the holonomy group must be included in G2 (i.e, N be a G2-manifold
in the reducible case).
We call:
s = s(1,0)
δ = s(0,1) (48)
Having introduced all these fields, we obtain3
(d+ s+ δ − iκh)
(
A+ c + |κ|c¯)+ (A+ c+ |κ|c¯)2
= F +Ψ+ g(κ)η + iκhχ + Φ+ |κ|2Φ¯ (49)
and the associated Bianchi relation
(d+ s + δ − iκh)
(
F +Ψ+ g(κ)η + iκhχ+ Φ + |κ|2Φ¯
)
+ [A+ c+ |κ|c¯ , F +Ψ+ g(κ)η + iκhχ+ Φ+ |κ|2Φ¯] = 0 (50)
3g(κ) must be seen on P as π∗g(κ), where π is the projection of the fiber bundle.
18
The property (d+ s+ δ − iκh)2 = 0 implies in M :
Sˆ2 = s2 + {s, δ}+ δ2 = Lκ + δgauge(iκ
◦
A) (51)
We have therefore on all fields
s2=0
{s, δ}=Lκ + δgauge(iκ
◦
A)
δ2=0
(52)
And the decomposition in power of κ of the transformation of the reparametrization
ghost implies
sξ=−1
2
{ξ, ξ} δξ=−κ
sκ=0 δκ=0
(53)
We will see shortly that a complete and finite field representation of the algebra can
be found in a consistent way in four and eight dimensions.
3.2.2 Resolution of the extended horizontality condition
The decomposition of the first equation (3.2.1) according to the gradings gives:
sA + dAc=Ψ δA+ dA|κ|c¯= g(κ)η + iκχ
sc+ c2=Φ δc¯+ |κ|c¯2= |κ|Φ¯
s|κ|c¯+ δc− iκ
(
A−
◦
A
)
+ [c, |κ|c¯] = 0 (54)
It is most convenient to use the s and δ operators in the Cartan representation defined
by
sc ≡ s+ δgauge(c) δc¯ ≡ δ + δgauge(|κ|c¯) (55)
On all fields, but c and c¯, one has:
s2c = δgauge(Φ) δc¯
2 = δgauge(|κ|2Φ¯)
{sc, δc¯} = Lκ + δgauge
(
iκA
)
(56)
So, the decomposition of the Bianchi identity (3.2.1) gives
scΨ+ dAΦ = 0 δc¯
(
g(κ)η + iκχ
)
+ |κ|2dAΦ¯ = 0
sc
(
g(κ)η + iκχ
)
+ δc¯Ψ− iκF = 0
scΦ=0 δc¯|κ|2Φ¯= 0
δc¯Φ− iκΨ=0 sc|κ|2Φ¯ + |κ|2η=0
(57)
19
Because of the bigraduation, the horizontality condition does not fully determine
the action of the s and δ on all fields. Indeed, one has degenerate equations of the
type s(antighost)+δ(ghost)= . . .. To raise the indetermination, we introduce “auxiliary”
fields, a scalar b0 and a 2-form T 02 , with :
scχ=T scT = [Φ, χ]
scc¯= b scb= [Φ, c¯]
(58)
It is by construction that we can consistently define the action of s and δ on the
“auxiliary” fields. In practice, this require a step by step computation, which yields the
action of δ, such that δ2 = 0, {s, δ} = Lκ.
The field χ occurs in the horizontality relation only trough its contraction along κ,
iκχ. Since iκ
2 = 0, the resolution of equation is not yet established, since χ is defined
modulo terms that are iκ-exact.
A little of algebra must now be done to obtain the transformation of χµν . If we use
the decomposition δc¯ = κ
µsµ, (which is only true locally), we have from (54) and (55)
that
s[µAν] = −χµν s{µsν}Aσ = −gµνDσΦ¯ (59)
This gives
sσχµν = −sσs[µAν] (60)
and we deduce from the decomposition
⊗ = ⊕ 2×
that
sσχµν = 2gσ[µDν]Φ¯− s[σsµAν] (61)
The ghost number and dimension of fields are such that, without introducing other fields,
sχ must be proportional to dAΦ¯
sσχµν = 2gσ[µDν]Φ¯− C⋆[σµν]ρDρΦ¯ (62)
We have introduced an invariant tensor C⋆4 on the manifold. (It is the ǫ tensor for
4-manifolds, and the octonionic self-dual 4-form for Joyce manifolds.)
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We already know that the condition χµν = P
−
µν
σρ
χσρ, for this field to count for n− 1
degrees of freedom in n dimensions. Since δc¯
2χ = [Φ¯, χ], C⋆µνσρ must be totally antisym-
metric and that (
2δ{σ|κµν − C⋆µν{σ|κ
)
P− ρ}κ
θτ
= gσρP−µν
θτ
(63)
which gives
P−µν
σρ
=
2
n
(
δσρµν −
1
2
C⋆µν
σρ
)
(64)
We know from [15] that the only possibilities to construct such projector with the holon-
omy group reduced to at most the maximal invariant subgroup of SO(n) are in four and
eight dimensions. This is a further check of the need of a holonomy group of M . We
will adopt a unified notation for this projector in four and eight dimensions, with the
convention that C is just the unity in four dimensions and the octonionic 4-form in eight
dimensions :
w−2 ≡
2
n
(
w2 − ⋆Cw2
)
(65)
3.3 Expression of the s and δ symmetries
The resolution of the horizontality condition has thus given us the following expression for
the action s and δ on the fields we started from, plus the fields that we had to introduce
to solve the degeneracies. These transformation laws are written in a way that is globally
well defined:
scA=Ψ δc¯A= g(κ)η + iκχ
scΨ=−dAΦ δc¯Ψ= iκ
(
T + F
)
+ g(κ)[Φ, Φ¯]
scΦ=0 δc¯Φ= iκΨ
scΦ¯= η δc¯Φ¯= 0
scη= [Φ, Φ¯] δc¯η=LκΦ¯
scχ=T δc¯χ=
n
2
(
g(κ)dAΦ¯
)−
scT = [Φ, χ] δc¯T =−n2
(
g(κ)dAη + g(κ)[Φ¯,Ψ]
)−
+ Lκχ
(66)
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s c=Φ− c2 δ c= iκ
(
A−
◦
A
)− |κ|b
sc¯= b− [c, b] δc¯= |κ|(Φ¯− c¯2)
sb= [Φ, c¯]− [c, b] δb=Lκc¯− |κ|η
(67)
Let us give for the sake of clarity the explicit c and c¯ dependence in the transformation
laws Eqs. (66)
sA=Ψ− dAc δA= g(κ)η + iκχ− |κ|dAc¯
sΨ=−dAΦ− [c,Ψ] δΨ= iκ
(
T + F
)
+ g(κ)[Φ, Φ¯]− |κ|[c¯,Ψ]
sΦ=−[c,Φ] δΦ= iκΨ− |κ|[c¯, Φ¯]
sΦ¯= η − [c, Ψ¯] δΦ¯=−|κ|[c¯, Ψ¯]
sη= [Φ, Φ¯]− [c, η] δη=LκΦ¯− |κ|[c¯, η]
sχ=T − [c, χ] δχ= n
2
(
g(κ)dAΦ¯
)− − |κ|[c¯, χ]
sT = [Φ, χ]− [c, T ] δT =−n
2
(
g(κ)dAη + g(κ)[Φ¯,Ψ]
)−
+ Lκχ− |κ|[c¯, T ]
(68)
The following remarks are important :
- As for an explicit dependence on the background connection, it only occurs in δc.
- The part of the BRST algebra that is relevant for untwisting only involve the fields
in the first sector of the BRST equations, in Eqs. (66). It is important to note that the
BRST invariance, introduces the Faddeev-Popov ghost in a way that is compatible with
the δ invariance. This property is, in particular, very important for the questions relative
to renormalization of supersymmetric gauge theories.
- In the flat space limit, we can define the anticommuting generators sµ, using δc¯ =
κµsµ, and expanding in κ
µ, both in 4 and 8 dimensions. The action of sµ for the fields
in (68) identifies itself with the vector symmetry [9] used in d = 4 and obtained by
twisting the supersymmetry algebra. However, here, the presence of auxiliary fields and
Faddeev–Popov ghosts and antighost fully ensures consistency.
- The fields c¯ and b are indispensable in order to close the s and δ operator on
the Fadeev-Popov ghost c. In fact, the existence of the δ symmetry, and its link with
reparametrization invariance, is likely to provide the geometrical interpretation of c¯ and
b, as well as of other antighosts of the TQFT.
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- The ghost antighost duality which will be defined in the next section will make the
latter point more precise.
- Power counting arguments based on the dimensionality and ghost number of fields
show that the above transformation laws are the most general ones that solve the relations
s2 = δ2 = 0, {s, δ} =
◦
L κ, up to irrelevant field multiplicative renormalization factors and
linear field redefinitions for the“auxiliary” fields b and T . The geometrical horizontality
equation that we defined in the fiber bundle actually solve this constraint.
In the next section, we will construct invariant actions for the symmetry. Eventually,
we will discuss this untwisting toward the Poincare´ superalgebra.
4 The action
4.1 The topological/supersymmetric action as a s-exact term
We now have a complete realization of the s and δ symmetries, and wish to compute an
invariant action.
Even if the algebra is defined only on a manifold of reducible tangent bundle, we
demand a Spin(7) or an SO(4) invariant action in respectively eight and four dimensions.
This means that the action must be independent of κ, which is an non trivial requirement.
(Our construction needs a base space of the topological Yang–Mills theory that contains
a constant vector. However, we wish the theory be generalizable for a more general
manifold, provided it has the required holonomy for defining self–duality equations.)
We will focus on the terms of power counting corresponding to the strictly renormal-
izable case in four dimensions, and extend this requirement in 8 dimensions, which can
be done by a formal power counting argument (so we exclude higher order derivative
terms).
The only way to construct an Sˆ-exact action, which is invariant under gauge trans-
formations, reparametrization invariant and independent of κ, is such that
S = sΨ(−1,0) + δΨ(0,−1)
δΨ(−1,0) = 0 sΨ(0,−1) = 0 (69)
There is only one solution of sΨ(0,−1) = 0 which gives an action independent of κ. In
turn, the δ-invariance completely determines Ψ(−1,0) (with the hypothesis that there are
nor higher order derivative terms). As a matter of fact, up to a global scale factor and a
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topological term, these two solutions give the same action. One has indeed :
sΨ(−1,0) = δΨ(0,−1) + 1
2
∫
M
C∧Tr F∧F (70)
So, we restrict ourself to the δ invariant gauge function, and we define :
S = sΨ (71)
where Ψ is a δ-closed gauge invariant functional, such that :
Ψ =
∫
M
Tr
(
χ ⋆
(
F +
2
n
T
)
+ Φ¯dA ⋆Ψ+ ⋆η[Φ, Φ¯]
)
(72)
One has the usual interpretation that the action sΨ is the gauge-fixing of a topological
invariant. But the gauge fixing–function has been fixed from δc¯ invariance.
We will shortly show that there is a duality symmetry between s and δ, and that one
can express this action as a sδ-exact action.
4.2 Gauge-fixing part
We identify c¯ and b as the familiar Faddeev–Popov pair of an antighost and a Lagrange
multiplier for gauge-fixing the Yang–Mills invariance. We could use a term like s(c¯∂ ·A),
which violates the δ-invariance, but we prefer a sδ-exact term:
sδ
1
2|κ|
∫
M
Tr
((
A−
◦
A
)
⋆
(
A−
◦
A
))
(73)
This gauge-fixing term breaks the SO(n) invariance, since it depends on κ. From the
point of view of the equivariant theory, however, the relevant action is the part of the
action that is gauge invariant. It is determined by both s and δ invariance. A further
SO(n) invariant gauge-fixing of the yang–Mills symmetry implies the breaking of the
vector symmetry. (This is of course a gauge-fixing artifact, which does not appear for
the gauge invariant observables, which are κ-independent). This is understandable in
the untwisted formalism, where a supersymmetric gauge-fixing process of the Yang–Mills
invariance only holds in a fully superspace version of the theory, and would yield an
infinite number of fields in 8 dimensions.4
4A refinement of our work can be reached by extending our result in the context of equivariant
invariance, which implies the introduction of a background gauge symmetry, along the line of [16, 17].
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4.3 A sδ-exact expression of the supersymmetric action
As in the case of NT = 2 topological theories, the action (69) is sδ-exact on a reducible
manifold. Indeed, we can verify the following very suggestive formula, which shows
directly s and δ invariances :
S = s δ
∫
M
1
|κ| 2 F (74)
with
F = Tr
(
1
2
g(κ)∧C∧
((
A−
◦
A
)
∧
(
F +
◦
F
)− 1
3
(
A−
◦
A
)3)
+
(
g(κ)η + iκχ
)
∧
⋆Ψ
)
(75)
where we recognize the last term to be the Chern–Simon term
dTr
((
A−
◦
A
)
∧
(
F +
◦
F
)− 1
3
(
A−
◦
A
)3)
= Tr
(
F∧F −
◦
F∧
◦
F
)
(76)
Note that in the case of a trivial fiber bundle we can take
◦
A = 0 and recover the
ordinary form of the Chern–Simon term. Unlike in the NT = 2 case, the “potential”∫
M
F cannot be interpreted as a Morse function for the theory. Indeed, the function∫
M
Tr
(
1
2
g(κ)∧C∧
(
AdA+ 2
3
A3
))
has degenerated critical points, (iκA does not appear
in its equations of motions), while the Chern–Simons potential gives a well defined Morse
function in dimension n− 1, when there is a balanced topological theories [13].
4.4 Ghost antighost duality
In spite of the fact that
∫
M
F is not a well defined Morse function, we can interpret
formally
F + g(κ)η + iκχ+ |κ|2Φ¯ (77)
as a curvature as in the case NT = 2. This interpretation can be seen by introducing an
involution ∗, which gives a duality between ghosts and anti-ghosts.
∗A = A ∗ T = −T − n
2|κ|2
(
g(κ)iκF
)−
∗Ψ = g(κ)η + iκχ ∗ η = 1|κ| 2 iκΨ ∗ χ =
n
2|κ|2
(
g(κ)Ψ
)−
∗Φ = |κ|2Φ¯ ∗ Φ¯ = 1|κ| 2Φ
∗c = |κ|c¯ ∗ b = −b+ [c, c¯] + 1|κ| iκ
(
A−
◦
A
) ∗ c¯ = 1|κ|c (78)
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This involution relates both operators s and δ, as follows :
∗s∗ = δ ∗ δ∗ = s (79)
Note that ∗ does not act as a derivative but as a group element, that is
∗(A ·B) = ∗A · ∗B (80)
Indeed, by definition of ∗, we can associate to the δ-invariant gauge function Ψ defined
in Eq. (72) a mirror s-invariant gauge function, which defines a slightly different δ-exact
gauge invariant action ∗S, which gives the same observables. By construction, ∗S is
s- and δ-invariant. However ∗S is κ-dependent, but this dependence disappears after
elimination of the auxiliary field T , and then ∗S becomes equal to S.
The horizontality relation gives indeed :
(d+ δ)
(
A+ |κ|c¯)+ (A + |κ|c¯)2 = F + g(κ)η + iκχ+ |κ|2Φ¯
(dA + δc¯)
(
F + g(κ)η + iκχ+ |κ|2Φ¯
)
= 0 (81)
The gauge function ∗Ψ replaces the ordinary gauge function Ψ, when one interchanges
the roˆles of s and δ:
∗Ψ = 1|κ| 2
∫
M
Tr
(
−g(κ)∧C∧Ψ∧F−g(κ)Ψ⋆T+ΦdA⋆
(
g(κ)η + iκχ
)
+⋆iκΨ[Φ¯,Φ]
)
(82)
Eventually, we can define the topological observables as functions of the dual variables,
using any gauge invariant polynomial in the fields P
(
F,Ψ,Φ
)
, as follows :
∗ 〈P (F,Ψ,Φ)〉= ∗ ∫ µ P (F,Ψ,Φ)e−sΨ
=
∫
∗µ P (F, g(κ)η + iκχ, |κ|2Φ¯)e−δ∗Ψ
=
〈
P
(
F, g(κ)η + iκχ, |κ|2Φ¯
)〉
(83)
The descent equations are obtained by changing d + s into d + δ. As a conclusion,
after the duality operation ∗, the curvature of the “big bundle” defined in [19] becomes
F + g(κ)η + iκχ+ |κ|2Φ¯ instead of F +Ψ+ Φ.
5 Conservation of the energy-momentum tensor an-
tecedent Λµν
We now verify that the operator δ is truly generated by the conservation law of the
BRST antecedent of the energy momentum tensor. This computation is tricky, since the
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topological action is generally only invariant under G ⊂ SO(n). Let us write the action
sΨ as :
S =
∫
M
dnx
√
gTr
(
1
2
T µν
(−Fµν + 2
n
Tµν
)
+ χµν
(
DµΨν − 1
n
[Φ, χµν ]
)
+ηDµΨ
µ + Φ¯{Ψµ,Ψµ} − Φ¯DµDµΦ+ [Φ, Φ¯]2 − η[Φ, η]
)
(84)
To compute the energy momentum tensor, we use the standard formula :
Tµν =
1
e
δab
δS
δeµb
eaν (85)
We have to understand the way the projector on self-dual 2-forms transform under vari-
ations of the vielbeins. In 8 dimensions, the variation of this projector P− with respect
to the vielbeins is5:
δP−µν
σρ
=−1
n
δ
(
eaµe
b
νe
σ
c e
ρ
d
)
Cab
cd
=
2
n
Cλ[ν
σρeaµ]δe
λ
a −
2
n
Cµν
λ[ρeaλδe
σ]
a (86)
Using this formula, the energy momentum tensor is given by
Tµν =Tr
(
−TνσF+µσ + 2χνσD[µΨσ]+ − 2D{µη ·Ψν} + 2Φ¯{Ψµ,Ψν}+ 2D{µΦ¯ ·Dν}Φ
+gµν
(( 2
n
− 1
2
)
T σρ
(−Fσρ + 2
n
Tσρ
)
+
(4
n
− 1)χσρ(DσΨρ − 1
n
[Φ, χσρ]
)
+Dση ·Ψσ − Φ¯{Ψσ,Ψσ} −DσΦ¯ ·DσΦ− [Φ, Φ¯]2 + η[Φ, η]
))
(87)
This tensor is not symmetric in eight dimensions and its antisymmetric part is anti-
selfdual (it is valued in so(8)\spin(7)). This is allowed to the fact that only isometries
which preserve the octonionic 4-form C define conserved charges. In four dimensions, it
is symmetric.
Since the BRST operator does not depend on eaµ, we have :
Tµν = s
1
e
δab
δΨ
δeµb
eaν (88)
5In 4 dimensions, one replaces Cab
cd by the ǫ symbol
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In this way, we find a s-antecedent of the energy momentum tensor :
Λ(0)µν = gµνTr
(
1
2
( 4
n
− 1)χσρ(−F−σρ + 2nTσρ
)
+ΨσDσΦ¯− η[Φ, Φ¯]
)
−Tr
(
χν
σF+µσ + 2Ψ{µDν}Φ¯
)
(89)
It is not yet conserved. However, by adding a s-exact term to Λ(0)µν , we can enforce the
conservation law, as follows :
∇νΛµν ≡∇ν
(
Λ(0)µν − sTr
(
1
2
C⋆µν
σρFσρΦ¯ + χµνη − 1
2
(
1− 4
n
)
χ[µ
σχν]σ
))
=−Tr
((−gµνη + χµν)δLS
δAν
+
(
Fµν − Tµν + gµν [Φ, Φ¯]
)δLS
δΨν
−Ψµ δ
LS
δΦ
+DµΦ¯
δLS
δη
− nDνΦ¯ δ
LS
δχµν
+
n
2
(
2Dνη +Dσχ
σν − 2 [Φ¯,Ψν]) δLS
δT µν
−n
2
χµσDν
δLS
δT νσ
+
( n
2
− 2)Dν(χµσ δLS
δT νσ
))
(90)
From the above equation we can recover the explicit form of the functional generators
VAµ that we introduced in section 2. We can verify that the resulting symmetry truly
correspond to the δ-operator that we build in section 3.2 directly from the horizontality
condition.
6 Untwisting toward Yang–Mills supersymmetry
The theories that we have determined in four and eight dimensions from δ and s invari-
ances correspond by twist to superYang–Mills N = 2 theories. The equivariant form of
the scalar and the δ BRST operators can in fact be identified on twisted combinations of
spinorial supersymmetry generators. As a matter of fact, if we define the theory on a man-
ifold that is sufficiently constrained to admit two supersymmetries of opposed chirality,
the equivariant form of these s and δ can be related to supersymmetry transformations
as follows:
θsc = δsusy(θζ) θδc¯ = δsusy(iθ /κζ) (91)
for θ an anticommuting parameter and ζ a chiral covariantly constant spinor. As it is well
known, in eight dimensions we can construct the N = 2 superYang–Mills algebra from
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the dimensional reduction on a torus of the ten dimensional superYang–Mills algebra,
with a further Wick rotation of the N = 1 theory that is generally defined on Minkowski
space. The transition from N = 1 to N = 2 is allowed by the fact that the Majorana-
Weyl condition is consistent in eight dimensions for an Euclidean space and not for a
Minkowski one. The Euclidean action obtained in this way is∫
M
d8x
√
gTr
(
−1
4
FµνF
µν +
1
2
Dµφ1D
µφ1 − 1
2
Dµφ2D
µφ2 − i
2
(
λ/Dλ
)
+
1
2
[φ1, φ2]
2 +
1
2
(
λγ9[φ1, λ]
)− 1
2
(
λ[φ2, λ]
))
(92)
It is invariant under the following supersymmetries for any covariantly constant spinor ǫ
δsusyAµ= −i(ǫγµλ)
δsusyφ1 = −(ǫγ9λ)
δsusyφ2 = −(ǫλ)
δsusyλ = /Fǫ− iγ9/Dφ1ǫ− i/Dφ2ǫ+ γ9[φ1, φ2]ǫ
(93)
If M is defined to be a Spin(7)-manifold, it contains a chiral covariantly constant spinor
ζ . We choose it Majorana-Weyl with norm equal to one. One can further construct the
octonionic 4-form, as follows:(
ζζ
)
= 1 4!
(
ζγµνσρζ
)
= Cµνσρ (94)
We can decompose the Majorana spinor fields of the theory in term of differential forms,
by projection over ζ , which is the definition of the twist in 8 dimensions:
λ+=
(
η + /χ
)
ζ
λ−= i /Ψζ (95)
Here η, χ and Ψ represent the same fields as in the previous sections, and the convention
for the crossed out forms of rank k is that they are contracted with k gamma matrices
with a normalization factor 1
k!
. Then, we have the redefinition for the scalar fields:
Φ ≡ −(φ1 − φ2) Φ¯ ≡ −1
2
(
φ1 + φ2
)
(96)
The twisted action that one obtains in this way is∫
M
d8xTr
(
−1
4
FµνF
µν + ηDµΨ
µ +DµΦ¯D
µΦ + 4χµνDµΨν
+2Φ¯ΨµΨ
µ + 2Φχµνχ
µν + Φη2 +
1
2
[Φ, Φ¯]2
)
(97)
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It is the same action as that obtained in section 4, from the demand of s and δ invariances,
after the integration of the auxiliary field T , modulo some rescalings, and up to the sum
of a topological term:
−1
2
∫
M
C∧Tr
(
F∧F
)
(98)
By using the decomposition by twist of the spinorial supersymmetry parameter ǫ =(
θ +Θµνγµν + iϑ
µγµ
)
ζ , one gets twisted generators Q,Qµ, Qµν . (Q and κ
µQµ are truly
identified with the BRST operators sc and δc¯, in their equivariant form, both in 8 and 4
dimensions.)
Both charges
(
ζQ) and i(ζ/κQ) completely constrain the supersymmetric theory. In
this sense, the number of relevant supersymmetries can be reduced to five real super-
charges in four dimensions (as already observed in [9]) and to nine real supercharges in
in eight dimensions.
It is very instructive that this reduced number of relevant generators can be directly
constructed from one extended horizontality condition, defined in the Yang–Mills princi-
pal bundle.
As a further remark, the tensor generator of supersymmetry cannot be closed off-shell
in eight dimension [20], contrarily to the case of 4 dimensions 6. It is unknown if a system
of auxiliary fields can be introduced to close the algebra of maximal supersymmetry. The
existence of the tensor symmetry is not foreseen from the point of view of TQFT’s, and
its existence seems unnecessary, since the Q and Qµ symmetries are enough to determine
the supersymmetry action.
7 Equivariant Topological Field Theories
The observables of the topological theories that we discussed so far are defined as classes
of the ordinary de Rham cohomology of the extended exterior derivative d˜ = d+ s acting
on M × B˜∗, where M is the manifold on which the topological theory is formulated
and B˜∗ is the space of gauge orbits of irreducible framed connections [19, 26]. In these
theories, the scalar ghost-for-ghost field Φ goes to zero at infinity, or in other words,
6From a technical point of view, the difference between four and eight dimensions amounts the fact
that one can construct an antiselfdual 2-form as a bilinear combination of two other in four dimensions,
by the use of
P−µν
θτ
P−θ
ησρ
P−τη
κλ
(99)
but not in eight, because this term is zero in this case.
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has vanishing vacuum expectation value. Since, as we can see from (96), the Φ field
is related to the scalar fields of the supersymmetric Yang–Mills theory, it is interesting
to construct a topological theory whose scalar fields acquire a non-vanishing vacuum
expectation value [27]. This topological field theory can be obtained by considering the
equivariant extension of the construction of [26] with respect to the Lie algebra h of
an Abelian subgroup H ⊂ G acting on B˜∗. For example, for G = SU(N) one can
consider the maximal Abelian subgroup H = U(1)N−1, which is the suitable choice for
the Seiberg–Witten model. Moreover, we also consider an equivariant extension with
respect to a compact Abelian group of isometries K of M . This corresponds to a kind of
spontaneous breaking of the symmetries of M down to K. In fact, as we will see in the
following, the resulting equivariant topological theory corresponds to the twisted version
of the Super Yang–Mills theory on a non–trivial gravitational background.
The equivariant formulation allows for the use of a powerful localization formula [28]
that reduce the integral over the equivariant forms on M ×B˜∗ to a sum over the isolated
fixed points of the K × H symmetry7. The results on the ordinary cohomology may in
general be recovered by sending to zero the parameters associated to this symmetry with
a suitable prescription. In this sense, the equivariant extension can be thought as a very
useful regularization procedure for the topological invariants. The localization formula
has been extended for supermanifolds in [29] and exploited in the four dimensional case
to compute the integral on the instanton moduli space, recovering the non–perturbative
contribution to the low–energy Seiberg–Witten effective action [29, 30, 31].
In the following we will discuss the equivariant extension of our horizontality condi-
tions and obtain from them the scalar and vector topological symmetries along the same
lines of the previous sections. Then we will untwist our topological theory and show its
relationship with the supersymmetric theory on the Ω-background introduced in [22].
7.1 Equivariant horizontality condition
Let us define the Weil complex corresponding to the equivariant cohomology
H•K×H
(
M × B˜∗)
equivariant with respect to the action of K × H on B˜∗. The action of K on B˜∗ can be
defined as follows. The action of K on M can be lifted to an action on the principal
7Notice that the fixed points are isolated only in this case: considering the equivariance with respect
to only one of the two groups, K or H , is not enough to localize to isolated points.
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bundle P by the use of a background connexion
◦
A. This action induces a pullback
action on the equivariant forms on P , which defines the action of K on B˜∗. The relevant
equivariant differential sk on the Weil complex is defined as usual on an equivariant form
w(ξ) by (
skw
)
(ξ) ≡ (s+ Iξ∗)w(ξ) (100)
where ξ∗ is the vector field of TP generating the action on B˜∗ associated to ξ = (Ω, a) ∈
k⊕ h. ξ∗ decomposes into the horizontal lift υh of the vector field υ of TM generated by
the element Ω of k and the fundamental vector av associated to the element a of h,
ξ∗ ≡ (υh, av) ∈ TH ⊕ TV (101)
The closure of the equivariant BRST operator (100) reads on a generic form
s2k = Lξ∗ (102)
so that sk is a nilpotent operator on equivariant forms. This is locally expressed on M
s2k = Lυ + δgauge(iυ
◦
A− a) (103)
The explicit representation of the operator (100) on anti–self–dual gauge connections has
been discussed in detail in [31, 29, 32]. Since iξ∗ commutes with sk,we have the following
nilpotent operator on the whole complex (not restricted to its invariant subcomplex)
(d+ sk − iυh+av)2 = 0 (104)
So we can define sk as usual by the use of an horizontality condition
(d+ sk − iυh+av)
(
A+ c
)
+
(
A + c
)2
= F +Ψ+ Φ (105)
and its associated Bianchi identity. Moving the term iξ∗A to the right hand side we
obtain the definition of the equivariant curvature [28]
(d+ sk)
(
A + c
)
+
(
A+ c
)2
= F + Ψ+ Φk (106)
Notice that on the right hand side of (106) it appears the equivariant extension of the
scalar field Φk = Φh+ iυ(A−
◦
A) = Φ+ a+ iυ(A−
◦
A), where µ(ξ) = a+ iυ(A−
◦
A) is the
moment of the vector field ξ∗ [28]. This deformation of the scalar field is precisely that
found in the explicit computations on the instanton moduli space in four dimensions [33].
The field Φh has a non–trivial vacuum expectation value in the Cartan subalgebra of the
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group G, due to the presence of the term a [31, 29, 33]. Notice that the vector ξ∗ has
ghost number 2.
The dual version of equation (105) is naturally defined with the use of another Killing
vector υ¯ on M and another element a¯ of h which define a vector ξ¯∗ = υ¯h + a¯v on P , all
with ghost number −2, and reads
(d+ δk− |κ|2iυ¯h+a¯v)
(
A+ |κ|c¯)+ (A+ |κ|c¯)2 = F + g(κ)η + iκχ + |κ|2Φ¯ (107)
Exactly in the same way as in the previous sections, we can combine the horizontality
conditions (105) and (107) into a single one which will define the equivariant BRST
operator as well as the corresponding vector symmetry. The extended horizontality
condition is
(d+ sk + δk− iκh+ξ∗+|κ|2ξ¯∗)
(
A+ c+ |κ|c¯)+ (A + c+ |κ|c¯)2
= F +Ψ+ g(κ)η + iκhχ + Φ+ |κ|2Φ¯ (108)
and its associated Bianchi relation
(d+ sk + δk− iκh+ξ∗+|κ|2ξ¯∗)
(
F +Ψ+ g(κ)η + iκhχ+ Φ+ |κ|2Φ¯
)
+ [A+ c + |κ|c¯ , F +Ψ+ g(κ)η + iκhχ + Φ+ |κ|2Φ¯] = 0 (109)
By following the same procedure described in the previous sections for the ordinary
topological field theory, and redefining now
sc ≡ sk + δgauge(c) δc¯ ≡ δk + δgauge(|κ|c¯) (110)
we can extract from (108) and (109) the complete transformations of the fields
scA=Ψ δc¯A= g(κ)η + iκχ
scΨ=−dAΦ + iυF δc¯Ψ= iκ
(
T + F
)
+ g(κ)scη
scΦ= iυΨ δc¯Φ= iκΨ+ (κ · υ)η + iυiκχ
scΦ¯= η + iυ¯Ψ δc¯Φ¯= (υ¯ · κ)η + iυ¯iκχ
scη= [Φ, Φ¯] + LυΦ¯−Lυ¯Φ+ iυ¯iυF δc¯η=LκΦ¯− iκiυ¯F
scχ=T δc¯χ=
n
2
(
g(κ)(dAΦ¯− iυ¯F )
)−
scT = [Φ, χ] + Lυχ δc¯T =−n2
(
g(κ)(dAη + [Φ¯,Ψ] + Lυ¯Ψ)
)−
+ Lκχ
(111)
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We remark that in the four dimensional case the sc transformations on the fields in the
first column of (111) induce exactly the BRST transformations on the instanton moduli
space that have been used for the localization in [30, 31, 29]. The transformations in the
Faddeev–Popov sector read
sk c=Φ+ a− c2 + iυ
(
A−
◦
A
)
δk c= iκ
(
A−
◦
A
)− |κ|b
sk c¯= b− [c, c¯] δk c¯= |κ|
(
Φ¯ + a¯− c¯2 + iυ¯
(
A−
◦
A
))
sk b= [Φ, c¯]−Lυ c¯− [c, b] δk b= |κ|
(
Lκc¯− η
) (112)
The algebra (111), (112) closes off-shell, provided that [υ, υ¯] = Lυυ¯ = 0, d(κ · υ¯) = 0.
Moreover, dg(υ) and dg(υ¯) must be selfduals in the eight dimensional case. Then, one
has, but on the Faddeev-Popov sector:
s2c = δgauge(Φ + iυA) + Lυ δc¯2 = δgauge(Φ¯ + iυ¯A) + Lυ¯
{sc, δc¯} = Lκ + δgauge(iκA) (113)
The sk and δk symmetries completely constrain the classical action also in the equivariant
case. The details of this computation are given in appendix B. The action of the
equivariant topological theory is sk δk-exact
S = sk δk
∫
M
1
|κ| 2 F (114)
with
F = Tr
(
1
2
g(κ)∧C∧
((
A−
◦
A
)
∧
(
F +
◦
F
)− 1
3
(
A−
◦
A
)3)
+
(
g(κ)η + iκχ
)
∧
⋆Ψ
)
(115)
and still displays an intriguing relationship with the Chern–Simons action functional. By
acting with δk in (115) one gets
I = sk
∫
M
Tr
(
χ ⋆ (F +
2
n
T ) + Ψ ⋆
(
dAΦ¯− iυ¯F
)
+ ⋆η
(
[Φ, Φ¯] + LυΦ¯−Lυ¯Φ + iυ¯iυF
))
(116)
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and finally by acting with sk
I =
∫
M
Tr
(
F− ⋆ F− −
(
dAΦ− iυF
)
⋆
(
dAΦ¯− iυ¯F
)
+ χ ⋆ dAΨ−Ψ ⋆ dAη
+ T ⋆
(
F +
2
n
T
)− 2
n
χ ⋆
(
[Φ, χ] + Lυχ
)
− η ⋆
(
[Φ, η] + Lυη
)
−Ψ ⋆
(
[Φ¯,Ψ] + Lυ¯Ψ
)
+
(
[Φ, Φ¯] + LυΦ¯−Lυ¯Φ+ iυ¯iυF
)2)
(117)
By comparing the equivariant topological action (117) to the topological action (97)
one get a simple rule to pass from one to the other. In the case discussed in Sect.4 the
sc and δc¯ operators are nilpotent modulo gauge transformations, ı.e. s
2
c = δgauge(Φ)
and δ2c¯ = δgauge(Φ¯). In the equivariant case, the nilpotency is also verified modulo
reparametrizations along the Killing vectors υ and υ¯, as one can see from the first line of
Eq. (113). To pass from the ordinary topological theory to the equivariant one, we have
to make the substitution
δgauge(Φ)→ δgauge(Φ + iυA) + Lυ δgauge(Φ¯)→ δgauge(Φ¯ + iυ¯A) + Lυ¯ (118)
This amounts to the redefinitions
dAΦ→ dAΦ− iυF dAΦ→ dAΦ¯− iυ¯F
[Φ, Φ¯]→ [Φ, Φ¯] + LυΦ¯−Lυ¯Φ + iυ¯iυF (119)
for the bosonic fields, and
[Φ, χ]→ [Φ, χ] + Lυχ [Φ, η]→ [Φ, η] + Lυη
[Φ¯,Ψ]→ [Φ¯,Ψ] + Lυ¯Ψ (120)
for the fermion fields. One can check that, by doing the substitutions (119) and (120) in
the topological action (97), one obtains the equivariant topological action (117).
Finally, we see that in the equivariant topological theory, the scalar field Φh has a non–
trivial expectation value. In the following subsection we will show that the equivariant
action (117) can be related by twist to the Super Yang–Mills theory on the Ω-background
introduced in [22].
7.2 Dimensional reduction and Ω background
The so-called Ω-background can be introduced by considering a non-trivial dimensional
reduction of the Super Yang–Mills theory on a torus. In this dimensional reduction, the
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original theory is defined on a Riemannian fiber bundle E
M → E
↓
Tm−n (121)
such that the manifold M on which the dimensionally reduced theory lives is fibered on
the torus. Eventually, we can define the metric as follows :
G ≡ δαβ dyα ⊗ dyβ + gµν
(
dxµ + υµαdy
α
)⊗ (dxν + υνβdyβ) (122)
Here, the xµ are local coordinates on M , yα are coordinates on Tm−n and υα are vector
fields on M . It is natural to require that the metric G does not depend on the torus
coordinates; in fact, any non–trivial dependence would forbid a consistent cancellation
of non-zero modes in the limit of zero radius.
In order to have a supersymmetric theory, one requires the existence of, at least, one
supersymmetry generator, and thus the existence of a covariantly constant spinor field
on the manifold. This implies that both manifolds M and E are Ricci flat [21] :
RE mn = 0 R
M
µν = 0 (123)
These equations turn into constraints on the vector fields υα
Lυαgµν =0
[υα, υβ] = 0
d ⋆ dg(υα)= 0 (124)
The first equation in (124) implies that υα’s are Killing vectors for the manifoldM , while
the second imposes that they commute, i.e. Lυαυβ = 0. The vectors υα can be mapped
upon the Killing vectors that we used in the construction of the equivariant topologi-
cal field theory in the previous subsection. The last equation in (124) imposes further
restrictions on the υα’s in order to preserve the supersymmetry. These conditions are
not present in the topological theory. In fact, as we will see in detail in the following,
they can be relaxed at the price of breaking the SO(n) rotation invariance of the super-
symmetric theory to the special holonomy subgroup required to define the topologically
twisted theory.
Let us now work out the case of the eight-dimensional super Yang–Mills theory.
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7.2.1 Supersymmetric formulation in eight dimensions
The ten-dimensional vielbeins corresponding to the metric (122) are
eAm=ˆ
(
eaµ iυβe
a
0 δαβ
)
emA =ˆ
(
eµa 0
−υµα δβα
)
(125)
The dimensional reduction of the ten-dimensional Yang–Mills curvature reads
1
2
Fmn dx
m
∧dx
n =
1
2
Fµν dx
µ
∧dx
ν +Dµφα dx
µ
∧dy
α +
1
2
[φα, φβ] dy
α
∧dy
β
We can write this curvature in locally flat coordinates by using the vielbeins (125)
1
2
FAB e
A
∧e
B =
1
2
Fab e
a
∧e
b +
(
eµaDµφβ − υνβeµaFµν
)
ea∧dy
α
+
1
2
(
[φα, φβ]− υµαDµφβ + υµβDµφα + υµαυνβFµν
)
dyα∧dy
β (126)
By plugging (126) into the action
∫
M
d8x
√
gTr
(
−1
4
FABF
AB +
i
2
(
ΛΓADAΛ
))
(127)
one can read the bosonic part of the eight-dimensional action. Concerning the fermionic
part, we have to decompose the contraction of the covariant derivative emADm. To simplify
the computation we observe that
emADm = LemA (128)
since emA is covariantly constant. The Lie derivative is independent of the Riemannian
connection and thanks to this property, one has :
emADm=ˆ
(
eµaDµ , φα −Lυα
)
(129)
The ten-dimensional gamma matrices are related to those in eight dimensions as follows:
Γm ≡ σ2 ⊗ γµ, σ2 ⊗ γ9, σ1 ⊗ 1 (130)
Using the above equations one obtains the action and its supersymmetries on a eight
dimensional pseudo-Riemannian manifold. By extending to eight dimensions the Wick
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rotation on the fermions, which is defined in [23], one can Wick-rotate this theory to a
Riemannian manifold, as follows :
x0 → e−iθx0 γ8 ≡ iγ0
Aµ → (eiθA8, Ai)
λ→ e 12 θγ8γ9λ λ†→λ†e 12θγ8γ9
φ1→ eiθφ1 φ2→φ2
υ1→ eiθυ1 υ2→ υ2
(131)
Eventually, one sets θ = π
2
, and one gets the Euclidean action
∫
M
d8x
√
gTr
(
−1
4
FµνF
µν − 1
2
(
Dµφα + υ
ν
αFνµ
)(
DµΦα + υασF
σµ
)
+
i
2
(
λ/Dλ
)
− 1
2
(
[φ1, φ2]−Lυ1φ2 + Lυ2φ1 + υµ1υν2Fµν
)2
+
i
2
(
λγ9
(
[φ1, λ]−Lυ1λ
))
+
1
2
(
λ
(
[φ2, λ]−Lυ2λ
)))
(132)
We recall that the spinor Lie derivative is defined by
Lυλ = υ
µDµλ+
1
2
Dµυνγ
µνλ (133)
where γµν ≡ 1
4
[γµ, γν ].
The action (132) has the following supersymmetry :
δAµ= −i(ǫγµλ)
δφ1 = −(ǫγ9λ)− i
(
ǫ/υ1λ
)
δφ2 = −(ǫλ)− i
(
ǫ/υ2λ
)
δλ = /Fǫ− iγ9
(
/Dφ1 + upslopeiυ1F
)
ǫ− i
(
/Dφ2 + upslopeiυ2F
)
ǫ
+γ9
(
[φ1, φ2]−Lυ1φ2 + Lυ2φ2 + iυ2iυ1F
)
ǫ
(134)
In fact, the symmetry holds only if the covariantly constant spinor ǫ is constant along the
flow of the υα’s. Thus Ω
α
ab ≡ 12
(
dg(υα)
)
ab
must define a degenerated matrix /Ωα. In eight
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dimensions, a constant spinor only exists on a Joyce manifold, and its Lie derivative can
be written as
Lυεα = 1
2
/Ωα
βεβ (135)
which is zero if and only if Ω is selfdual. Thus the constant spinor remains invariant
under the isometries generated by υα’s only if the matrix Ωα is selfdual. Such vectors
verify the third equations in (124) d ⋆ dg(υα)=0. The explicit form of the action (132)
for M ∼= R8 is displayed in Appendix C.
7.2.2 The twisted theory for Ω backgrounds
The modifications of the supersymmetric theory are formally quite mild when one intro-
duces the Ω backgrounds. They are completely determined at the purely bosonic level.
Thus, all twist operations must remain identical, and one can define the twisted scalar
and vector operators Q and Qµ from Eq.(134). To compute the twisted version of the
action (132), we define:
υ = υ1 − υ2 υ¯ = 1
2
(
υ1 + υ2
)
(136)
We obtain :
I =
∫
M
Tr
(
−1
2
F ⋆ F −
(
dAΦ− iυF
)
⋆
(
dAΦ¯− iυ¯F
)
− 4χ ⋆ dAΨ−Ψ ⋆ dAη
− 2χ ⋆
(
[Φ, χ] + Lυχ
)
− 1
2
η ⋆
(
[Φ, η] + Lυη
)
−Ψ ⋆
(
[Φ¯,Ψ] + Lυ¯Ψ
)
+
1
2
(
[Φ, Φ¯] + LυΦ¯−Lυ¯Φ + iυ¯iυF
)2
+ 2T ⋆ T
)
(137)
One can verify that this action is Q exact, up to a topological term and can be written
as follows:
I = −1
2
∫
M
Tr
(
C ∧ F ∧ F
)
+Q
∫
M
Tr
(
−2χ ⋆ (F − T ) + Ψ ⋆
(
dAΦ¯− iυ¯F
)
+
1
2
⋆ η
(
[Φ, Φ¯] + LυΦ¯−Lυ¯Φ + iυ¯iυF
))
(138)
39
We thus recover by twisting the action of the equivariant topological theory (117)8, and
discover that the scalar and vector topological symmetries defined from the equivariant
horizontality conditions correspond to the twisted supersymmetries of the Super Yang–
Mills theory on the Ω-background. Notice that the action in the twisted formulation
(137) is BRST–exact, and so BRST closed, for all commuting vector fields υα, so that
the matrices Ωαab are no longer required to be self–dual in order to have a BRST–closed
action. This can be understood as follows: if we consider the twisted theory for a generic
Ω-background (i.e. Ωαab generic matrices) and we untwist it, we get a term
1
4
λα/Ω+α
β
λβ − 1
2
λα˙
(
/Ω
+ α˙
β˙ − /Ω
− α˙
β˙
)
λβ˙ (139)
where the plus and the minus stand for the self–dual and anti–self–dual projections with
respect to the Cayley four form C. The term (139) breaks the rotation invariance from
SO(8) to Spin(7), effectively twisting the theory.
8 Conclusion
On manifolds of reducible tangent bundle, the existence of a covariantly constant vector
field allows one to extend the horizontality condition. This extension define two nilpotent
topological operators, the usual scalar one, and the vector topological operator. These
two operators define a closed off-shell algebra, in a globally well-defined way. In order to
make contact with known results, we observe that the dimensional reduction on a circle
with tangent vector κ of this horizontality condition is nothing but the BRST-antiBRST
horizontality condition, which also defines two topological charges of a resulting balanced
topological theory, as it was defined in [13]. The consistency of the algebra needs the
existence of the concept of selfduality or antiselfduality. In eight dimensions, this implies
that the manifold is of a Joyce type. The use of the vector symmetry permits one to raise
the indetermination of the topological gauge function, and eventually of a topological
BRSTQFT action that determines by twist supersymmetry.
The invariance of the action under the vector symmetry is in fact equivalent to the
conservation of its Noether current, which turns out to be a BRST–antecedent of the
energy momentum tensor. A more conventional construction would be the definition of a
BRSTQFT from the last condition, but it would obscure the geometrical interpretation.
8This hold true, up to a rescaling in (116) which leaves the BRST operator invariant. That is of a
factor −2 for χ and T , a factor 1
2
for Φ¯, η and υ¯, and a global factor 2 on the action. We must also add
the substitution T → T + F−.
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This algebraic construction of topological theory extends to the case of Ω background.
The extended differential is understood as the equivariant differential with respect to the
action of an isometry group of the physical space, and the observables of the theory are
in the equivariant cohomology of this differential.
Beyond the mathematical interpretation of the fields occurring in BRSTQFT, it is
striking that the extended horizontality condition also provides a geometrical construction
of a subalgebra of (possibly maximal) supersymmetry which can is closed off-shell and
completely determines the action. Thus, it determines the whole supersymmetric algebra
in the flat space limit, and the question of having no finite set of auxiliary field for the
superPoincare´ algebra becomes irrelevant. These results are compatible with dimensional
reduction, and apply therefore to different cases of supersymmetry, in other dimensions.
A Algebra of the octonionic 4-form
We define the two projectors :
P−µν
σρ≡ 1
4
(
δσρµν −
1
2
Cµν
σρ
)
P+µν
σρ≡ 3
4
(
δσρµν +
1
6
Cµν
σρ
)
(140)
and from the formula [34]
CµνσρC
κλθρ = 6δκλθµνσ − 9C[µν [κλδθ]σ] (141)
we can show that
P−σρ{µ
θ
P−ν}θ
κλ
=
1
8
δµνP
−
σρ
κλ
(
δ{θ|τµν +
1
2
Cµν
{θ|τ
)
P−
σ}ρκ
τ =−δθ[σP−µνρ]κ(
δ[µ|θσρ +
1
2
Cσρ
[µ|θ
)
P−κλ|ν]θ=
1
4
δ
[µ
[σCρ]
ν]κλ +
1
4
Cµν[σ
[κδ
λ]
ρ]
1
2
Cµνθτ
(
P−σρ
θη
P− τ ηκλ
)
=P−σρ
[µ|η
P− ν]ηκλ
1
2
Cµνθτ
(
P−σρ
θη
P+ τ ηκλ
)
=−3P−σρ[µ|ηP+ ν]ηκλ
(142)
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Actually, the two last equations state that if we consider 2-form as Lie algebra elements,
the commutator of two antiselfduals ones gives a selfdual, and the commutator of one
antiselfdual and one selfdual gives an antiselfdual. The first and the fourth can be
seen from seven dimensional gamma matrix point of view, where γa states for vector
(antiselfdual 2-form) and γab for Spin(7) Lie algebra element (selfdual 2-form), we see
that both equations represent the single formula γaγb = δab + 2γab.
B δk invariance of the gauge function in Ω background
In this appendix, we show that the δ operator (111) constrains correctly the more general
gauge function exactly renormalizable in four dimensions. The gauge function contains, a
priori, terms involving the two vectors υ and υ¯. We will assume that the gauge function
does not depend of the derivatives of υ and υ¯. These vectors have respectively ghost
number 2 and −2. We can decompose the gauge function of total ghost number −1 into
a sum over the terms of field’s ghost number 2i− 1.
Ψ =
∑
i
Ψi (143)
In exactly the same way δc¯ decomposes into δ−1 + δ0 + δ1 and the equation δc¯Ψ = 0
decomposes into
δ1Ψi−1 + δ0Ψi + δ−1Ψi+1 = 0 , ∀i (144)
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Since we are interested in the equivariant part of the action, we have not considered the
fields c, c¯ and b. The possible gauge functions of given field’s ghost number are
Ψ−1=
∫
M
Tr
(
a−1iυχ ⋆ dAΦ¯ + b−1 ⋆ ηLυΦ¯
)
Ψ0 =
∫
M
Tr
(
a0χ ⋆ T + b0χ ⋆ F + c0Ψ ⋆ dAΦ¯ + d0 ⋆ η[Φ, Φ¯]
+a′0iυ¯χ ⋆ iυT + a¯
′
0iυχ ⋆ iυ¯T + b
′
0iυ¯χ ⋆ iυ
(
F + β ⋆ CF
)
+b¯′0iυχ ⋆ iυ¯
(
F + β¯ ⋆ CF
)
+ c′0 ⋆ iυ¯ΨLυΦ¯ + c¯
′
0 ⋆ iυΨLυ¯Φ¯
+d′0 ⋆ ηiυ¯iυT + e
′
0 ⋆ ηiυ¯iυ
(
F + γ ⋆ CF
)
+ f′0 ⋆ iυ¯iυχ[Φ, Φ¯]
)
Ψ1 =
∫
M
Tr
(
a1iυ¯T ⋆Ψ+ b1iυ¯
(
F + α ⋆ CF
)
⋆Ψ+ c1iυ¯χ ⋆ dAΦ
+d1 ⋆ ηLυ¯Φ+ e1 ⋆ iυ¯Ψ[Φ, Φ¯]
+|υ¯|2
(
a′1iυT ⋆Ψ+ b
′
1iυ
(
F + α′ ⋆ CF
)
⋆Ψ
+c′1iυχ ⋆ dAΦ+ d
′
1 ⋆ ηLυΦ + e
′
1 ⋆ iυΨ[Φ, Φ¯]
))
Ψ2 =
∫
M
Tr
(
a2|υ¯|2Ψ ⋆ dAΦ + b2 ⋆ iυ¯ΨLυ¯Φ + |υ¯|2 ⋆
(
c2iυ¯ΨLυΦ+ c¯2iυΨLυ¯Φ
))
(145)
where the parameters could be arbitrary functions of (υ · υ¯). In this computation, we
use the fact that υ and υ¯ are two commuting Killing vectors, the fact that κ is covari-
antly constant and, as a matter of fact, we must add to these requirements that these
three vectors are linearly independent, that the three 2-form g(υ)∧g(υ¯), g(κ)∧g(υ) and
g(κ)∧g(υ¯), are not selfdual, as well as the condition that (κ · υ) is not zero. The easiest
way to compute δc¯Ψ = 0 is to begin by the term of higher degree in order to constrain
the parameters before to compute the more complex expressions. δ−1Ψ−1 = 0 does not
give any informations, but δ1Ψ2 = 0 constrains a2 to be zero. δ1Ψ1 + δ0Ψ2 = 0 then
establishes that Ψ2 is null, and that b1 and d1 are the only two non zero parameters of
Ψ1 and must be opposed. Next δ0Ψ−1 + δ−1Ψ0 = 0 gives a−1, c¯′0 and f′0 to be zero and
constrains b−1, c0 and d0 to be equal. The most meaningful equation is δ1Ψ0+δ1Ψ0 = 0 ,
it gives a′0 = a¯
′
0 = b
′
0 = b¯
′
0 = c
′
0 = d0 = 0 and constrains all the other parameters. But, let
us look at a residual term more closely. After all the coefficients have been constrained
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up to a global factor we leave with the expression
δ1Ψ0 + δ0Ψ1 =
∫
M
b0
2
g(κ)∧C∧iυ¯Tr
(
F∧F
)
(146)
which seems to be non zero at first sight. Since the manifold on which the theory is
defined admits a covariantly constant vector field, it must decompose into R×N in the
simply connected case9, as a matter of fact we will be able to annul the term (146) only
in this case. The embeddings of R in M can be put into effect by the flow of κ, which
we remind to be defined by
d
dt
φκ,t(p) = κ|φκ,t(p) (147)
This one defines a global function t on M , for which the flow equation can be written
dt = g(κ). Therefore g(κ) is d-exact and we can use this property to compute that10∫
M
g(κ)∧C∧iυ¯Tr
(
F∧F
)
=
∫
M
(
(κ · υ¯)C + tLυ¯C
)
∧
Tr
(
F∧F
)
(148)
In order to this term to be null, (κ · υ¯) must be constant for a gauge fiber bundle of trivial
second Chern class, and zero otherwise, and dg(υ¯) must be selfdual in order for Lυ¯ to
leave C invariant. That is why we have not assumed that (κ · υ¯) was non zero in the
calculus. These requirements are a bit strong , because they impose υ¯ to be zero in four
dimensions. Nevertheless the case studied of Nekrasov [24, 25] fall in this restricted class.
As a matter of fact υ¯ does not contribute to topological amplitudes by construction. To
finish the computation, note that the last constraint, confirms what has already been
given by the others. Therefore we obtain the well constrained gauge function up to a
global scale factor
Ψ =
∫
M
Tr
(
2
n
χ ⋆ T + χ ⋆ F +Ψ ⋆
(
dAΦ¯− iυ¯F
)
+ ⋆η
(
[Φ, Φ¯] + LυΦ¯−Lυ¯Φ+ iυ¯iυF
))
(149)
and we have obtained the δk-exact gauge function (116).
9See page 16.
10Note that in order to the integration by part to work, F must converges as quickly as necessary
where t→∞ in such way that the t factor could be compensated.
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C Ω background in Euclidean space
In the case of a flat space, we can write explicitly the form of the Killing vectors as
generators of so(n) elements. We give here the explicit form of the supersymmetric
action in the eight dimensional case. We use the scalar Φ and Φ¯ used in the twisted
version, as well as the matrix Ωµν ≡ 12
(
dg(υ)
)
µν
and Ωµν ≡ 12
(
dg(υ¯)
)
µν
. With these
definitions the Ω background action can be expended as follows :
S = S0 + Ω
µ
νS1 µ
ν
+ ΩµνS1µ
ν
+ ΩµσΩ
ν
ρS2µν
σρ + ΩµσΩ
ν
ρS
(1,1)
2µν
σρ
+ Ω
µ
σΩ
ν
ρS2µν
σρ
+ Ω
µ
σΩ
ν
ρΩ
κ
λS3µνκ
σρλ
+ ΩµσΩ
ν
ρΩ
κ
λS3 µνκ
σρλ
+ ΩµσΩ
ν
ρΩ
κ
θΩ
λ
τS4µνκλ
σρθτ (150)
with the definitions
S0 ≡
∫
M
d8xTr
(
−1
4
FµνF
µν +DµΦ¯D
µΦ− i
2
λα/Dαα˙λ
α˙ − i
2
λα˙/D
α˙αλα
+
1
2
[Φ, Φ¯]2 + λα˙[Φ¯, λ
α˙]− 1
2
λα[Φ, λα]
)
S1µ
ν ≡
∫
M
d8x
(
xνTr
(
FµσD
σΦ + [Φ, Φ¯]DµΦ− λα˙Dµλα˙
)
+
1
2
Tr
(
λα˙γµ
να˙
β˙
λβ˙
))
S1µ
ν ≡
∫
M
d8x
(
xνTr
(
FµσD
σΦ¯− [Φ, Φ¯]DµΦ¯ + 1
2
λαDµλα
)− 1
4
Tr
(
λαγµ
ν
α
βλβ
))
S2µν
σρ ≡ 1
2
∫
M
d8x xσxρ Tr
(
DµΦ¯DνΦ¯
)
S(1,1)2µν
σρ ≡
∫
M
d8x xσxρTr
(
Fµ
κFνκ + Fµν [Φ, Φ¯]−DµΦ¯DνΦ
)
S2µν
σρ ≡ 1
2
∫
M
d8x xσxρ Tr
(
DµΦDνΦ
)
S3µνκ
σρλ ≡
∫
M
d8x xσxρxλTr
(
FκµDνΦ
)
S3µνκ
σρλ ≡
∫
M
d8x xσxρxλTr
(
FκµDνΦ¯
)
S4µνκλ
σρθτ ≡ 1
2
∫
M
d8x xσxρxθxτ Tr
(
FµνFκλ
)
(151)
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